A general half-plane contact problem in which the geometry is specified in a piecewise-quadratic sense over three segments is solved in closed form. This includes the effects of a moment applied sufficient to introduce separation of one segment and the application of a shearing force sufficient or insufficient to cause sliding. Extending existing solutions to asymmetrical problems is necessary in order to broaden our understanding of the behaviour of dovetail roots of gas turbine fan blades. In previous studies symmetrical contacts have often been used to represent a dovetail flank contact. In the asymmetrical case, the contact pressure may be considerably higher at one of the contact edges compared to the corresponding symmetrical case. Exploiting the generality provided with the solution presented in this study, several simpler indenter problems are investigated making use of an algebraic manipulator. The Mathematica code is made available for download.
Introduction
The reliability of a gas turbine engine is largely dependent on the structural integrity of its blades. Turbine and compressor blades are often connected to the disk by a dovetail joint as depicted in figure 1. As the gas turbine rotates, the dovetail geometry experiences centrifugal, F c , and vibrational, F v , loading. The centrifugal force brings the blade and disk into contact. The two established contact flanks are subject to normal and shear forces, here indicated by P and Q, respectively. The curvature at each end of the contact will almost always be unequal, not only due to manufacturing uncertainties, but also as an intentional design. As a consequence, the tractions and contact interface will be asymmetrical. Furthermore, vibrational loads may introduce a moment, M , to the contact, which leads to additional asymmetry.
The majority of solutions encountered in the literature assume symmetrical profiles and symmetrical indentation [1] , [2] . This greatly simplifies the solution of the related contact problem but may be an over-simplification. Individual aspects of asymmetry in half-plane contacts have been studied before [3] , [4] . However, the novelty here is to provide a set of versatile closed-form solutions for asymmetrical halfplane contacts, which are capable of considering asymmetrical geometries as well as the application of a moment during normal indentation. This scenario of asymmetrical indentation has not been addressed in the literature for the cases studied in this work. We chose to study, first, the most general case where the problem may be idealised by a punch with a compound curvature in contact with a half-plane as shown in figure 2. The punch consists of a curved central portion of radius R over the length 2b, whereas the edges are rounded with radii R 1 and R 2 with a continuous gradient across the joins. This means the contact itself is incomplete in character and, given the outer radii are unequal, the geometry is asymmetrical. First, a normal load, P , is applied at a distance, s, from the centre line of the flat portion such that an either clockwise or counter-clockwise moment, P s, depending on the orientation of s, is introduced to the problem. The contact pressure, p(x), the extent of the contact, [−a, c] , and the amount of tilt, α, are to be quantified. The solution found is given in closed form. Subsequently, a monotonically increasing shearing force, Q, is applied in the plane of the contact interface. This will give rise to a partial slip pattern if the shear force is insufficient to cause sliding (that is, when |Q| < f P , where f is the coefficient of friction). Using the Ciavarella-Jäger theorem, the size and position of the stick zone can be quantified. The generality of the problem statement serves as an umbrella to address potentially several simpler indenter problems by making use of an algebraic manipulator. We chose to use the general solution found to study three specific cases. These include the tilted flat but rounded punch with unequal radii which is thought to be a suitable candidate for a dovetail flank contact representation. Modification 'A' might be referred to as the tilted flat but rounded punch with unequal radii. Case 'B' addresses the case when the central segment is concave, i.e. 1/R < 0. Finally, derivation 'C' is a tilted punch composed of two adjoined unequal half-cylinders. Although out of the three cases presented, modification 'A' is thought to resemble a dovetail flank contact most accurately, the other cases might be of interest for certain engineering applications and add to the knowledge base of contact mechanics. It is noteworthy that despite the changes to the original problem definition, the solution derived for the corrective shear traction still applies in the same way as the normal pressure solution. Solutions to all cases, 'A', 'B', and 'C', can be found in appendices A.5, A.6, and A.7. For completeness, Mathematica code for each case is provided as a download.
Formulation
The three-part punch is formulated as a linear-elastic body within half-plane theory indenting a linearelastic half-plane. However, the solution to be developed is mathematically exact only if the contact is perfectly lubricated or the materials considered are elastically similar, having the property
where µ i is the shear modulus and ν i is the Possion's ratio of body i for i = 1, 2. Although this limitation is not too restrictive for practical material combinations as they are commonly found in gas turbine engines, it is important to emphasise that the normal indentation does not induce tangential tractions. This means the problem is uncoupled and the solutions for the normal and shear tractions may be obtained independently. The profile of the indenting punch is represented by the usual Hertz parabolic approximation to a circle with radius R 1 from −a to −b, radius R from −b to b and radius R 2 from b to c. The relative surface normal displacement, v(x), and its gradient, v (x), can be expressed as piecewise functions
where
The absolute indentation is the constant ∆. The inclination of the punch, α, must be sufficiently small for small strain conventional elasticity to apply. The normal traction distribution, p(x), along the contact interface [−a, c] can be found through inverting the following integral equation
Here, A is the material 'compliance' of the two touching bodies, which in a plane-strain formulation is
where κ i is Kolosov's constant, given by κ i = (3 − 4ν i ) for i = 1, 2.
Normal indentation problem
Equation (3) is a Cauchy singular integral equation of the first kind. In order to obtain the normal pressure distribution, p(x), the integral equation needs to be inverted using the theory of the RiemannHilbert boundary value problem for a non-closed contour. As the contact is incomplete in its nature, a bounded-bounded solution is expected and the following inversion formula follows
where w(x) = (x + a)(c − x) [5] .
Carrying out the integration, the pressure distribution is obtained as
where the expression F 0 and the functions F j (x), for j = 1, 2, 3, as well as details of solving equation (5) may be found in the appendix A.1.
The solution is subject to the consistency condition 
Evaluating the integral in equation (7) (for details see appendix A.2) gives an explicit expression for the inclination
Finally, normal and rotational equilibrium are imposed as follows
When evaluating the integrals stated above, the vertical equilibrium equation (9) gives rise to
and the rotational equilibrium equation (10) gives rise to
The integration procedure for the equations stated above is given in appendices A.3 and A.4.
Equations (6), (8), (11), and (12) constitute a complete solution for the pressure distribution, inclination, and contact law. The equilibrium conditions suffice to determine the size of the contact interface [−a, c].
For the reader's convenience, a complete solution including normalised plots of the pressure distribution is provided in the form of a Mathematica file, which may be found in the download section.
Results
As a first check of the solution found the Hertzian case [6] is recovered for the pressure distribution, p(x), if the following limits are taken, i.e. R 2 → R 1 , b → 0, c → a, and , α → 0 so that
Also, the Hertzian contact law [6] ,
is recovered if the limits R 2 → R 1 , b → 0, and c → a are taken for normal equilibrium given in equation (11). A question demanding attention is under which circumstances results are in accordance with half-plane theory. In cases where the ratios (a − b)/R 1 and (c − b)/R 2 are small, i.e. when the contact zone extends only a small way into the outer curved parts of the indenter, the remaining amount of material outside of the contact would certainly suffice for the punch to be thought of as a half-plane. As the contact interface extends further into the outer regions, the approximation of the curved parts as a parabola must be called into question, and the half-plane assumption will also become deficient. On the other hand, if the central segment, with R and 2b, becomes very large compared to the radii R 1 and R 2 , i.e. the edges of the punch appear to be very sharp, half-plane theory becomes increasingly strained regardless of the extent of the outer parts in contact.
It appears cumbersome, if not impossible, to present all possible parameter combinations within this work in a comprehensive way. This is why we decided to take the limit R → ∞ and explore case 'A' as shown in figure 4 in more detail. As described in the introduction of this work the tilted flat but rounded punch is a representation of a dovetail geometry, which is of particular interest to the aeronautic industries. There is a multitude of possibilities to illustrate the pressure distribution. The most sensible way seems to normalise the contact pressure with respect to P/(2b) and choose a dimensionless load, 4P A/b = 1.0, such that changes due to an increase in moment or a decrease in the ratio R 2 /R 1 become most obvious. In order to examine the effect of a varying lever arm, s, we restrict the problem, first, to a symmetrical indenter, hence R 2 /R 1 = 1. The presented results were obtained for a solid material with a Young's modulus of E = 210, 000 N /mm 2 and Possion's ratio of ν = 0.3. Figure 5 a) shows that the peak pressure decreases at the left edge and increases at the right edge as the clockwise moment grows. Also, the asymmetry of the contact interface increases as the moment grows. In Figure 5 b) the moment is kept constant with a lever arm of s/R 1 = 0.25. As the ratio of R 2 /R 1 is decreased it becomes apparent how significant the differences in the peak pressures at each end of the contact may be if the radii are unequal and the normal loading leans towards the sharper edge. However, the contact pressure at the left edge, where the radius does not change, appears to stay almost the same. This insight may be helpful when employing asymptotic solutions to asymmetrical contacts.
For industry applications it must be emphasised that neither the application of a moment nor unequal radii result in a significant asymmetry in the contact patch, i.e. the ratio of contact coordinates, a/c, is almost constant for applicable parameter combinations. On the other hand, the difference in peak pressure at the respective edges is significant. Another interesting remark regards a change in boundary conditions of the problem statement as depicted in figure 6 . Suppose one is interested in a contact interface, which develops when any inclination, α, of the punch is suppressed through a support structure. This means the asymmetrical punch is pressed vertically into the other half-plane resulting in an asymmtrical contact interface and pressure distribution different from what was examined in the example above. However, in such a case the algebraic expressions for the pressure distribution and normal equilibrium given in equations (6) and (11) do not change. The new contact interface [−â,ĉ] can be determined by imposing equation (8) to equal zero, α = 0, and evaluating the consistency condition and normal equilibrium numerically forâ andĉ. Suppose the support structure is removed and we would like to apply an external moment, P s * , where the lever arm, s * , is chosen such that it suppresses any tilt of the punch due to the geometrical asymmetry. We can find this lever arm by evaluating the rotational equilibrium given in equation (12) for the contact interface [−â,ĉ] and solving for s * .
Returning to the original boundary conditions, the solution framework found requires 0 ≤ (a − b) and 0 ≤ (c − b). A further question to answer is which maximum moment can be applied to cause c = b. That is, one of the outer rounded parts has lifted out of contact and the contact interface on one side ends at the transition point of the central segment and the outer rounded part, whereas 0 ≤ (a − b) is still satisfied. In order to obtain a compact algebraic expression the limit c → b must be taken. The normal equilibrium gives
When taking the limit c → b for the rotational equilibrium, substituting the load, P lift-off , with the expression obtained in equation (15), and solving for the lever arm, s lift-off , it follows
5 Application of a monotonically increasing shear force
Suppose, now, that there is friction between the punch and the half-plane with a finite coefficient of friction, f , and the contacting bodies are elastically similar. The subsequent application of a monotonically increasing shear force, Q, produces either a state of sliding, given Coulomb's friction law applies, if |Q| = f P , or a partial slip pattern develops, when the inequality |Q| < f P holds. The latter provokes the immediate question how large the stick and slip zones in the contact interface may be.
An answer to this question can be found using the Ciavarella-Jäger theorem [7] , where the shear traction is viewed as the sum of the sliding shear tractions, −f p(x), and a corrective shear traction distribution, q * (x), in the stick zone
where the extent of the stick zone is denoted by
Here, e is the eccentricity of stick zone due to the asymmetric contact interface. For reasons which will become clear, we write q * (x) = f p * (x), where p * (x) is yet unknown. Suppose we are now interested in the integral relating to tangential tractions, which gives the relative difference in tangential surface strains,
We further impose the requirement that the strain difference vanishes in the stick zone, i.e.
Referencing back to equation (3), we now see that the integral relating to the normal traction becomes
This reveals that the corrective normal traction, p * (x), and hence the corrective shear traction q * (x) = f p * (x), might be obtained by simply substituting a = (d + e) and c = (d − e) in the pressure distribution given in equation (6) . However, we want to quantify the extent of the stick zone by determining the two unknowns d and e. For that we will need two side conditions. One can be found by imposing horizontal equilibrium. Here, the following distinction between the shear force in full sliding, Q f P , and the corrective term, Q * , is made
The magnitude of the corrective shear force is determined by
An algebraic expression for the last term in equation (21) can be found immediately by substituting a = (d + e) and c = (d − e) in the equilibrium condition given in equation (11). The other necessary side condition is found by carrying out the same substitution for the consistency condition given in equation (8). Now, horizontal equilibrium and the consistency condition for the tangential tractions suffice to numerically determine d and e. Obviously, the shear tractions in full sliding are related to the normal tractions by q(x) = f p(x). The partial slip solution is restricted in a sense that the stick zone needs to be bounded by the outer rounded parts of the three-part indenter and, more importantly, cannot end in the central segment as this violates the substitution of a = (d + e) and c = (d − e).
Conclusions
This paper's content is threefold. Firstly, a complete description is provided of the normal indentation for a generic three-segment piecewise-quadratic half-plane contact subject to a normal load and moment. Secondly, the application of a monotonically increasing shear force and the developing partial slip pattern is studied using the Ciavrella-Jäger theorem. Lastly, based on the comprehensive solution found, three specific indenter problems are derived. Thorough focus is given to the tilted flat and rounded punch with unequal radii since it is capable of representing a dovetail flank contact in a realistic manner. It is shown that the contact pressure at the sharper edge can be significantly higher than in the symmetrical case, whereas the effect of the geometrical asymmetry at the sharper edge does not affect the pressure distribution on the other end of the contact significantly. For the reader's convenience a set of Mathematica files is provided in order to comprehensively illustrate the found solutions and to facilitate further research activities.
The insights gained through this work shall set the basis for further investigations of complex loading cycles, including varying normal and tangential forces as well asymptotic methods in order to match simpler laboratory experiments. Furthermore, the study of the evolution of frictional energy dissipation in asymmetrical contacts is necessary in order to determine damping properties of the contact interface and assessing the localisation of surface damage which may give rise to fretting damage and possible crack nucleation.
A Appendix

A.1 Integral evaluation
As the punch's profile, v(x), (and also its derivative, v (x)) is a piecewise function, also the normal surface stress can be expressed as a piecewise function. Hence, the normal pressure can be written as
where w(x) = (x + a)(c − x) and w(t) = (t + a)(c − t), such that the integrals can be evaluated. The integrals marked with CPV are singular and must be evaluated as Cauchy principal values (CPV).
First, a partial decomposition on the integrands is performed so that
The integrals that are regular and independent of x can be evaluated as follows
The contribution of these integrals to the normal pressure is
The results for the remaining integrals including those affected by the CPV are the following
Therefore, regardless whether they are CPV or not, they can be written as
, and (A.16)
A.2 The consistency condition
The consistency condition can be evaluated as follows
Evaluating the integrals in equation (A.18) and solving the resulting equation for α gives the algebraic expression presented in equation (8).
A.3 The normal equilibrium condition
Normal equilibrium must be satisfied so that
Integration by parts (where
and g(t) = v (t)) gives
The indefinite integral of f (t) is
where C 1 is a constant.
The derivative of g(t) = v (t) gives the piecewise function
Now normal equilibrium is
A.4 The rotational equilibrium condition
For rotational equilibrium the same procedure as for normal equilibrium applies
2 )
where C 2 is a constant.
The rotational equilibrium condition gives
A.5 Case 'A' -the tilted flat but rounded punch with unequal radii
Case 'A' considers that the curvature of the middle segment, 1/R, goes to 0. As said before, an indenter like this is often referred to as the flat but rounded punch. The symmetrical case has been studied thoroughly in the literature [1] , [2] . Here, asymmetry is introduced to the problem in a sense that the radii can be unequal and the normal load is applied at an offset, s. The problem is of high interest to the aerospace industries since this kind of punch can be used to represent a dovetail flank contact. A closed-form solution is found by taking the limit R → ∞ for equation (6) and the respective side conditions, i.e. equations (8), (11), and (12).
- (d+e) d-e e It follows that k 1 → 1 and k 2 → 1, so that the pressure distribution is given in compact and closed form by
or in full expression as
The consistency condition is given by A.6 Case 'B' -the rounded punch with a concave central segment
Consider a punch comprised of two convex edges of unequal radii and a concave middle portion as depicted in figure 10 . Additionally a moment might be applied in order to introduce tilt. The solution found and presented for the generic three-segment punch still applies here, given the central curvature, 1/R, is negative. Hence, the equations will not be repeated for brevity. Obviously, a requirement for the solution to be valid is that the contact remains simply connected.
- (d+e) d-e e A.7 Case 'C' -the tilted punch comprised of two adjoined unequal half-cylinders
The last case to be considered is the tilted rounded punch with unequal radii, i.e. the flat portion is removed from the indenter by taking the limit b → 0.
- (d+e) d The consistency condition is given by 
